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Abstract: In this paper, we consider higher order correction of the entropy and study the
thermodynamical properties of recently proposed Schwarzschild-Beltrami-de Sitter black
hole, which is indeed an exact solution of Einstein equation with a positive cosmological
constant. By using the corrected entropy and Hawking temperature we extract some ther-
modynamical quantities like Gibbs and Helmholtz free energies and heat capacity. We also
investigate the first and second laws of thermodynamics. We find that presence of higher
order corrections, which come from thermal fluctuations, may remove some instabilities of
the black hole. Also unstable to stable phase transition is possible in presence of the first
and second order corrections.
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1 Introduction
As we know, the maximum entropy of black holes is proportional to the event horizon
area [1, 2]. It yields to the holographic principle development [3, 4]. However, mentioned
maximum entropy of the black holes will be corrected due to quantum fluctuations of
statistical mechanics, which yields to modify the holographic principle [5, 6]. These are
indeed thermal fluctuations around equilibrium and become important as the black hole
size reduced due to Hawking radiation. In that case, quantum fluctuations will correct the
well-known relation between the entropy and the black hole area. These corrections have
been evaluated using several different approaches.
Das et al. [7] found that leading-order correction of the entropy of any thermodynamic
system due to small statistical fluctuations around equilibrium is logarithmic. Their result
examined for BTZ black holes, anti-de Sitter Schwarzschild and Reissner-Nordstrom black
holes in arbitrary dimensions. Such quantum correction applied to several black holes like
recently proposed three-dimensional hairy black hole [8–12] and found that it is logarithmic
at the first order approximation [13]. In that case the effects of the logarithmic correc-
tion on a charged black hole in anti de Sitter space has been studied [14]. Also, modified
thermodynamics and statistics of Go¨del black hole due to the logarithmic correction in-
vestigated [15]. Moreover, the effects of the logarithmic correction on the thermodynamics
of a modified Hayward black hole has been studied and found that this does not affect
the stability of the black hole [16]. The logarithmic correction effect has been studied
for several black objects like black Saturn [17] or charged dilatonic black Saturn [18] and
found that thermal fluctuations have important consequences. Logarithmic correction to-
gether AdS/CFT correspondence yield to interesting results, for example P-V criticality of
charged AdS space-time [19] has been studied, or dyonic charged AdS black hole has been
– 1 –
considered [20] and found that this is holographic dual of a Van der Waals fluid [21] under
effect of the logarithmic correction. In the recent work, quantum gravitational effect has
been studied by using Dumb holes [22].
Quantum corrections to the Bekenstein-Hawking entropy of charged black hole using gen-
eralized uncertainty principle has been studied [23], which is applied to Schwarzschild-
Tangherlini black hole [24].
As mentioned above, the logarithmic correction is the first order approximation correc-
tion to the black hole entropy, while it is possible to calculate all orders of corrections
to the entropy of black holes due to the statistical fluctuations around the equilibrium
[25]. In this paper we would like to use this result to study modified thermodynamics
of Schwarzschild-Beltrami-de Sitter black hole [26] which is indeed an unstable dynamical
black hole and obtained by introducing inertial Beltrami coordinates to traditional non-
inertial Schwarzschild-de Sitter metric.
It is argued that results of [25] are applicable to all classical black holes at thermodynamics
equilibrium. However, under the special conditions one can use the first and second order
of corrections in some unstable black holes. In that case the approximation is valid as
one consider only small fluctuations near equilibrium. But we should comment that as
the black hole becomes really small possible near Planck scale such approximation should
break down and we have to use non-equilibrium methods to analyze the system. It may
be dominant of quantum black holes. But as long as we consider small fluctuations we
can analyze them perturbatively, and therefore we consider only the first and second order
corrections and neglect the higher order terms in the perturbative expansion.
In the Ref. [27] authors investigated the thermodynamical properties of Schwarzschild-
Beltrami-de Sitter black hole and obtained some thermodynamics quantities like entropy,
Hawking temperature, Gibbs free energy and heat capacity. They also investigate the
Smarr relations and the first law of thermodynamics. It is found that the Schwarzschild-
Beltrami-de Sitter black hole is unstable without ant phase transition and critical points
as well as Schwarzschild-de Sitter black hole. Now, in this paper we consider higher order
corrected entropy (to the second order) and show that Schwarzschild-Beltrami-de Sitter
black hole may be stable at allowed regions of event horizon radius.
This paper is organized as follows. In the next section we review some important aspect
of Schwarzschild-Beltrami-de Sitter black hole and in section 3 we introduce corrections
of the entropy. In section 4 we begin thermodynamical analysis under effect of thermal
fluctuations and in section 5 calculate Gibbs and Helmholts free energies. In section 6 we
obtain heat capacity and discuss about stability of black hole. Finally in sction 7 we give
conclusion and summary of results.
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2 Schwarzschild-Beltrami-de Sitter Black Hole
Schwarzschild-Beltrami-de Sitter black hole given by the following metric [26],
ds2 =
(
1− r2
σl2
− 2M
√
σ
r
(1− t2
l2
)2
− r
2t2
l4(1− r2
σl2
− 2M
√
σ
r
)σ3
)
dt2 − (1−
t2
l2
)2
(1− r2
σl2
− 2M
√
σ
r
)σ3
dr2
− 2 rt(1−
t2
l2
)
l2(1− r2
σl2
− 2M
√
σ
r
)σ3
dtdr − r
2
σ
(dθ2 + sin2 θdφ2), (2.1)
where M is the mass and cosmological radius l related to the cosmological constant via
l2 = 3/Λ, also σ is defined by
σ = 1 +
r2i − t2
l2
, (2.2)
where ri is horizon radius which is obtained using the following equation,
1− r
2
σl2
− 2M
√
σ
r
= 0, (2.3)
which has three following solutions [27],
r21 =
4(l2 − t2) sin2
(
1
3 sin
−1(3
√
3M
l
)
)
1 + 2 cos
(
2
3 sin
−1(3
√
3M
l
)
) ,
r22 =
4(l2 − t2) cos2
(
1
3 sin
−1(3
√
3M
l
) + pi6
)
3− 4 cos2
(
1
3 sin
−1(3
√
3M
l
) + pi6
)
r23 =
4(l2 − t2) cos2
(
−13 sin−1(3
√
3M
l
) + pi6
)
3− 4 cos2
(
1
3 sin
−1(−3
√
3M
l
) + pi6
) (2.4)
The first root r1, which is positive real root of the equation (2.3), is event horizon radius
which we will denote by rh and can be rewritten as follow,
r1 ≡ rh =
√
(l2 + t2)(X
4
3 + 9l4)
X
4
3 + 9l2X
2
3 + 9l4
, (2.5)
where we used the following definition,
X = −27Ml2 + 3l2
√
81M2 − 3l2, (2.6)
which tells that,
M ≥ l
3
√
3
, (2.7)
in agreement with the Ref. [27]. We will see that time-dependence of horizon radius don’t
yields any problem to study thermodynamics because horizon area will be independent of
time. On the other hand we should note that dynamics of the Schwarzschild-Beltrami-de
Sitter black hole described by cosmological constant with infinitesimal value which has no
important effect. Hence, we can approximately considered the Schwarzschild-Beltrami-de
Sitter black hole as static space-time.
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3 Thermal Fluctuations
In this section we calculate the effect of thermal fluctuations on the entropy of Schwarzschild-
Beltrami-de Sitter black hole. It can be considered as a system of N particles with energy
spectrum En in a canonical ensemble. One can write the statistical partition function of
the system as,
Z =
∫ ∞
0
dEρ(E)e−βκE, (3.1)
where βκ is the inverse of the temperature in unit of the Boltzmann constant, and ρ(E) is
the canonical density of the system with energy average E. The partition function (3.1)
together Laplace inversion can be used to calculate the density of states,
ρ(E) =
1
2pii
∫ β0κ+i∞
β0κ−i∞
dβκe
S(βκ), (3.2)
where
S = βκE + logZ. (3.3)
The entropy around the equilibrium temperature β0κ will be obtained by eliminating all the
thermal fluctuations. However, in presence of the thermal fluctuations, corrected entropy
can be written by Taylor expansion around the β0κ as,
S = S0 +
1
2
(βκ − β0κ)2
(
∂2S(βκ)
∂β2κ
)
βκ=β0κ
+
1
6
(βκ − β0κ)3
(
∂3S(βκ)
∂β3κ
)
βκ=β0κ
+ · · · , (3.4)
where dots denote higher order corrections. We should note that the first derivative of the
entropy with respect to βκ vanishes at the equilibrium temperature. So, the density of
states can be written as
ρ(E) =
eS0
2pii
∫ β0κ+i∞
β0κ−i∞
dβκ exp
(
(βκ − β0κ)2
2
(
∂2S(βκ)
∂β2κ
)
βκ=β0κ
+
(βκ − β0κ)3
6
(
∂3S(βκ)
∂β3κ
)
βκ=β0κ
+ · · ·
)
.
(3.5)
In that case, following the Ref. [25] one can obtain,
S = S0 − 1
2
logS0T
2
h +
f(m,n)
S0
+ · · · , (3.6)
where f(m,n) can be considered as a constant. However, we can write a general expression
for the corrected entropy as [28],
S = S0 − α1
2
log(S0T
2
H) +
α2
S0
+ ..., (3.7)
where we introduced a parameter α1 by hand to track corrected terms, so in the limit
α1 → 0, the original results can be recovered and α1 = 1 yields usual corrections [25, 29].
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Hence the first order correction is logarithmic, while the second order correction is propor-
tional to the inverse of original entropy S0. These corrections can be considered as quantum
correction of the black hole. One can neglect these corrections for the large black holes.
However, by decreasing size of black hole due to the Hawking radiation, the quantum fluc-
tuations in the geometry of the black hole increased. Thus, the thermal fluctuations modify
the thermodynamics of the black holes and will be more important when the black holes
reduced in size. In the next section we begin to analyze the thermodynamics quantities of
the black hole with the corrected entropy.
4 Thermodynamical Analysis
Thermodynamics of Schwarzschild-Beltrami-de Sitter black hole has been discussed by the
Ref. [27]. It has been argued that Bekenstein-Hawking area entropy S0 = A/4 is applicable
because Schwarzschild-Beltrami-de Sitter black hole can be approximately considered as
static space-time. It means that the time t in the metric considered as a parameter rather
than a dynamical variable. Hence, we can use general relation for the horizon area of
spherically symmetric and static four-dimensional black hole,
Ai =
∫
dθdφ
√
gθθgφφ, (4.1)
where i = 1, 2, 3 corresponding to three horizons. Hence, one can obtain,
S0 = pix
2
i , (4.2)
with xi = ri/
√
σ. So entropy S0 in terms of ri reads,
S0 = pi
r2i
σ
, (4.3)
Then, the temperature is given by [27],
Ti =
1
4pi
l2 − 3x2i
l2xi
=
l2 − 2r2i − t2
4pilri
√
l2 + r2i − t2
, (4.4)
which yields to the Schwarzschild black hole temperature at l → ∞ limit. It is clear
that the temperature is decreasing function of horizon radius, so when the size of black
hole decreased, the temperature grow up and thermal fluctuations will be important as
mentioned in the introduction, hence we should take into account such effects.
Also, the thermodynamical volume Vi is computed as
Vi =
4
3
pix3i . (4.5)
One can also write the black hole mass using the Smarr formula as,
M =
xi(l
2 − 3x2i )
2l2
+
x3i
l2
− α1 l
2 − 3x2i
2pil2xi
log
l2 − 3x2i√
pil2
+ α1
(
log 2
pi
)
l2 − 3x2i
l2xi
+
α2
2pi2
l2 − 3x2i
l2x3i
. (4.6)
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This is further simplifies to
M =
rhl(l
2 − 2r2h − t2)
2(l2 + r2h − t2)
3
2
+
r3hl
(l2 + r2h − t2)
3
2
− α1
(l2 − 2r2h − t2)
2pilrh
√
l2 + r2h − t2
log
l2 − 2r2h − t2√
pi(l2 + r2h − t2)
+ α1
log 2
pi
(l2 − 2r2h − t2)
lrh
√
l2 + r2h − t2
+
α2
2pi2
(l2 − 2r2h − t2)(l2 + r2h − t2)
1
2
r3hl
3
. (4.7)
Above relations satisfy the first law of thermodynamics,
dM = TdS + V dP, (4.8)
where the positive cosmological constant is related to the negative pressure
P = − Λ
8pi
, (4.9)
with Λ = 3/l2. Hence, one can image dP = 0 and the equation (4.8) is valid for the original
entropy given by (4.2) in the following region,
0 < rh ≤
√
l2 − t2
2
. (4.10)
Also, by analyzing of heat capacity, in the region given by (4.10), it has been found that the
Schwarzschild-Beltrami-de Sitter black hole as well as Schwarzschild-de Sitter black hole
are in unstable state without any phase transition. We expect that such instability may
remove under effect oh higher order corrections of the entropy discussed in the previous
section.
Exploiting relations (4.2) and (4.4), the higher order corrected entropy (3.7) of Schwarzschild-
Beltrami-de Sitter black hole is given by,
Si = pix
2
i − α1 log
l2 − 3x2i√
pil2
+ 2α1 log 2 +
α2
pix2i
, (4.11)
where α1 and α2 are dimensionfull parameters.
Here, other higher order sub-leading terms are negligibly small, so we have neglected them.
Plugging the value of xi, it is given by
Si =
pil2r2i
l2 + r2i − t2
− α1 log l
2 − 2r2i − t2√
pi(l2 + r2i − t2)
+ 2α1 log 2 +
α2(l
2 + r2i − t2)
pil2r2i
, (4.12)
We find that the horizon entropy Sh is increasing function of horizon radius in absence
of higher order correction. Fig. 1 shows that effect of logarithmic entropy with positive
α1 and negative α2 is increasing entropy. Blue dash dot and blue long dash lines of Fig.
1 show that negative α1 and positive α2 violates the second law of thermodynamics and
one can obtain negative entropy or decreasing entropy in some regions. Hence similar to
the results of the Ref. [25] we find that α1 should be positive and α2 should be negative.
Solid red line represents the case of only logarithmic correction (α2 = 0), while space dash
– 6 –
Figure 1. Entropy in terms of rh with l = 4 and t = 0. α1 = α2 = 0 (dot orange), α1 = 1, α2 = 0
(solid red), α1 = 0, α2 = −1 (space dash red), α1 = 0, α2 = 1 (long dash blue), α1 = −1, α2 = 0
(dash dot blue).
red line represent only the second order correction (α1 = 0). Effect of both corrections
illustrated by dash green line. Later, we will use these result to extract heat capacity and
discuss about stability of Schwarzschild-Beltrami-de Sitter black hole.
Now, we can study the first law of thermodynamics (4.8) and find the following con-
dition to have validity of this law,
α1
α2
=
2(l2 + r2i − t2)2
pil2r2i
(
(l2 + 4r2i − t2) log
(
l2−2r2
i
−t2
2
√
pi(l2+4r2
i
−t2)
)
+ 32r
2
i
) . (4.13)
This condition will satisfy with positive α1 and negative α2 in allowed region of the event
horizon radius.
Finally, we can study enthalpy which interpreted as the black hole mass [30, 31]. Hence,
using the relation (4.7) and condition (4.13) we can write the following expression for the
enthalpy,
H =
(l2 − t2)r
2(l2 + r2h − t2)
3
2
− α1(l
2 − 2r2h − t2)
4pirhl(l2 + r
2
h − t2)
3
2
(
(l2 − 2r2h − t2) log
(
l2 − 2r2h − t2
4
√
pi(l2 + r2h − t2)
)
− 3r2h
)
. (4.14)
We can see that negative α1 yields to negative enthalpy which is corresponding to negative
mass which is not physical situation, hence we again see that positive α1 is reasonable. At
the large rh we can see that corrected and uncorrected results are the same as explained
already, and importance of higher order corrections observed for the small black holes. In
the next section we have more focus on the free energies.
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5 Gibbs and Helmholtz Free Energies
Gibbs free energy is one of the important thermodynamics quantities which can be used
to investigate small/large black hole phase transition by computing minimum of G − T
diagram at constant pressure. The Gibbs free energy is defined as [27]
G =M − TiSi = TiSi − 2PVi, (5.1)
Utilizing the expressions of temperature (4.4), entropy (4.11), volume (4.5) and pressure
(4.9), the higher order corrected Gibbs free energy for Schwarzschild-Beltrami-de Sitter
black hole is computed by
G =
xi(l
2 − 3x2i )
4l2
+
x3i
l2
− α1 l
2 − 3x2i
4pil2xi
log
l2 − 3x2i√
pil2
+ α1
(
log 2
2pi
)
l2 − 3x2i
l2xi
+
α2
4pi2
l2 − 3x2i
l2x3i
. (5.2)
This is further simplifies to
G =
rhl(l
2 + 2r2h − t2)
4(l2 + r2h − t2)
3
2
− α1
(l2 − 2r2h − t2)
4pilrh
√
l2 + r2h − t2
log
l2 − 2r2h − t2√
pi(l2 + r2h − t2)
+ α1
log 2
2pi
(l2 − 2r2h − t2)
lrh
√
l2 + r2h − t2
+
α2
4pi2
(l2 − 2r2h − t2)(l2 + r2h − t2)
1
2
r3hl
3
. (5.3)
In the Fig. 2 we can see the effect of correction terms on the Gibbs free energy by variation
of horizon radius. It is clear that logarithmic correction enhanced Gibbs free energy (see
solid red line of Fig. 2), while second order correction decreases its value (see dash blue
line of Fig. 2). When we consider both corrections (dash dot green line of Fig. 2), there
is a critical radius rc then value of Gibbs free energy enhanced for rh > rc while decreased
for rh < rc. For selected values t = 0 and l = 4 we found rc ≈ 0.4. It means that the
Schwarzschild-Beltrami-de Sitter black hole with the second order correction (α1 = 0 and
α2 6= 0) is more stable because have smallest Gibbs free energy. We can also remove α2 by
using the condition (4.13) and find similar behavior.
By using the relation (4.4) one can obtain horizon radius versus temperature, hence
we can rewrite Gibbs free energy in terms of temperature. Result illustrated by the Fig.
3. As discussed by the Ref. [27] there is no critical point and phase transition in absence
of corrections. But from solid red line of the Fig. 3 we can see a minimum of Gibbs free
energy which shows an equilibrium state at constant pressure. It is clear that the corrected
Gibbs energy has different behavior with the uncorrected one.
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Figure 2. Gibbs free energy in terms of rh with l = 4 and t = 0. α1 = α2 = 0 (dot orange),
α1 = 1, α2 = 0 (solid red), α1 = 0, α2 = −1 (dash blue), α1 = 1, α2 = −1 (dash dot green).
Figure 3. Gibbs free energy in terms of T with l = 4 and t = 0. α1 = α2 = 0 (dot orange), α1 = 1,
α2 = 0 (solid red), α1 = 0, α2 = −1 (dash blue), α1 = 1, α2 = −1 (dash dot green).
For, Schwarzschild-de Sitter black hole, the higher order corrected Gibbs free energy
has following form,
Gsd =
rh(l
2 − r2h)
4l2
+
r3h
l2
− α1
(l2 − r2h)
4pil2rh
log
l2 − r2h√
pil2
+ α1
log 2
2pi
(l2 − r2h)
l2rh
+
α2
4pi2
(l2 − r2h)
r3hl
2
. (5.4)
Hence, we can study difference between Gibbs free energy of the Schwarzschild-Beltrami-
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de Sitter black hole given by (5.3) and the Schwarzschild-de Sitter black hole given by (5.4),
∆G = Gsd −G. (5.5)
As discussed by the Ref. [27] it is positive for α1 = α2 = 0 which means the Schwarzschild-
Beltrami-de Sitter black hole is more stable than the Schwarzschild-de Sitter black hole. In
presence of the logarithmic correction we find similar result (see soled red line of the Fig.
4). However, in presence of the second order correction (blue dashed line of the Fig. 4) we
can see that ∆G is negative for rh < rc which means that the second order corrected of
Schwarzschild-de Sitter black hole may be more stable than the Schwarzschild-Beltrami-de
Sitter black hole with the second order correction of the entropy.
Figure 4. ∆G in terms of rh with l = 4 and t = 0. α1 = α2 = 0 (dot orange), α1 = 1, α2 = 0
(solid red), α1 = 0, α2 = −1 (dash blue).
Gibbs free energy can be used to obtain Helmholtz free energy F via the following
relation,
F = G− PV. (5.6)
By using the condition (4.13), t = 0, and l = 4 we can obtain the following Helmholtz free
energy,
F =
(512 + 64r2h + rh(r
2
h + 16)
3
2 )rh
32(r2h + 16)
3
2
+ α1
48− 6r2h − (16 − 2r2h)2 log
(
16−2r2
h
4
√
pi(16+r2
h
)
)
32pirh(r
2
h + 16)
3
2
. (5.7)
In presence of the logarithmic correction there is a minimum for the Helmhultz free energy.
Vanishing α1 gives the Helmhultz free energy of the Schwarzschild-Beltrami-de Sitter black
hole as increasing function of horizon radius without any extremum.
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In the next section we extract heat capacity and discuss about stability of the system under
effect of higher order corrections of the entropy.
6 Heat Capacity and Stability
Heat capacity or specific heat is one of the important thermodynamics quantity which will
be used to find stability state of the black hole. If heat capacity be positive, then the black
hole is in stable phase, and divergence of heat capacity shows phase transition. The heat
capacity in constant pressure is defined by,
CP =
∂M
∂rh
(
∂Th
∂rh
)−1
. (6.1)
For the Schwarzschild-Beltrami-de Sitter black hole with the corrected entropy at constant
pressure, it is calculated by
CP =
2
pil2r2h
(
l2 + r2h − t2
)
(l2 + 4r2h − t2)
[
pi2l4r4h(8r
2
h + t
2 − l2)− 4piα1l4r2ht2 log 2
− piα1l4r2ht2 log pi − 6piα1l2r6h + 8piα1l2r6h log 2 + 6piα1l2r4ht2 − 10piα1l2r4ht2 log 2
+2piα1l
2r2ht
4 log 2 + 2piα1l
4r2ht
2 log
(
l2 − 2r2h − t2
l2 + r2h − t2
)
+ 2piα1l
6r2h log 2− 6piα1l4r4h
−piα1l2r2h
(
l4 + 5l2r2h + 4r
4 − 5r2ht2 + t4
)
log
(
l2 − 2r2h − t2√
pi
(
l2 + r2h − t2
)
)
+ 10piα1l
4r4h log 2
+3α2l
6 + 6α2l
4r2h − 9α2l4t2 + 3α2l2r4h − 3α2t6
−12α2l2r2ht2 + 9α2l2t4 − 3α2r4ht2 + 6α2r2ht4
]
(6.2)
In the Fig. 5 we can see behavior of heat capacity at constant pressure of the Schwarzschild-
Beltrami-de Sitter black hole under effect of thermal fluctuation until the second order. As
discussed by the Ref. [27], vanishing thermal fluctuations yields to completely negative heat
capacity in allowed regions (see orange dotted line of the Fig. 5) and the Schwarzschild-
Beltrami-de Sitter black hole is unstable. Significant result is that if we switch on loga-
rithmic correction with appropriate value (like α1 = 1), then heat capacity is completely
positive and the Schwarzschild-Beltrami-de Sitter black hole is stable (see red solid line of
the Fig. 5). However, with other values of α1 we can have stable to unstable, and also
unstable to stable phase transition (see golden long dashed line of the Fig. 5). On the other
hand if only switch on the second order correction we have still unstable Schwarzschild-
Beltrami-de Sitter black hole (see blue dashed line of the Fig. 5) which means that the last
term of the equation (3.7) has no any effect in stability of black hole. Finally, in presence
of both corrections we can see unstable to stable phase transition, for example at rh ≈ 1.05
for l = 4, t = 0, α1 = 1 and α2 = −1 (see green dash dotted line of the Fig. 5). The case
of negative α2 is completely agree with arguments of the Ref. [25].
7 Conclusions
In this paper, we considered Schwarzschild-Beltrami-de Sitter black hole and studied ther-
modynamics in presence of higher order corrections of the entropy, specially the first (loga-
– 11 –
Figure 5. Heat capacity in terms of rh with l = 4 and t = 0. α1 = α2 = 0 (dot orange), α1 = 1,
α2 = 0 (solid red), α1 = 0.5, α2 = 0 (long dash gold), α1 = 0, α2 = −1 (dash blue), α1 = 1,
α2 = −1 (dash dot green).
rithmic) and the second orders. Approximately we assume that Schwarzschild-Beltrami-de
Sitter black hole is static, hence we are able to consider usual thermodynamics relations.
We used results of the Ref. [25] for the corrected entropy where the first order correction
is logarithmic while the second order correction is proportional to inverse of original en-
tropy with negative coefficient. However we considered general coefficient for the first and
second orders and confirmed results of the Ref. [25]. By using thermodynamical analysis,
we found appropriate condition to satisfy the first law of thermodynamics. Also we found
that the corrected entropy as well as original entropy is increasing function and hence sat-
isfy the second law of thermodynamics. We obtained Gibbs and Helmholtz free energies
and found effects of thermal fluctuations of the second order. We found that logarithmic
correction enhanced Gibbs free energy (see solid red line of Fig. 2), while second order cor-
rection decreases its value. We have shown that the effect of logarithmic correction on the
Gibbs free energy is arising a minimum, we also found that the second order corrected of
Schwarzschild-de Sitter black hole may be more stable than the Schwarzschild-Beltrami-de
Sitter black hole with the second order correction of the entropy.
It has been argued that Schwarzschild-Beltrami-de Sitter black hole is unstable without
any phase transition and critical points [27]. By using behavior of the heat capacity we
studied the effect of the logarithmic correction in stability of Schwarzschild-Beltrami-de
Sitter black hole. We have shown that presence of the first and second order corrections of
the entropy yield to unstable/stable phase transition, and led to stability of black hole at
the allowed region of the event horizon.
– 12 –
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